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                \begin{document}$$\rho : T^* \mathcal {B} \rightarrow \mathcal {N}$$\end{document}$ the Springer resolution. Then the cohomology of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {B}$$\end{document}$, is endowed by the Springer correspondence with a *W*-action. The graded multiplicity space of each irreducible representation $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak {g}=\mathfrak {sl}_n$$\end{document}$ is an ordinary one-variable Kostka polynomial. Precisely, we set $\documentclass[12pt]{minimal}
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                \begin{document}$$K_{\mathfrak {g},\chi }(t) := \sum _{i \ge 0} t^i\dim {\text {Hom}}_W(\chi , H^{2\dim \mathcal {B}- 2i}(\mathcal {B}, \mathbf {C}))$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\dim $$\end{document}$ always refers to the complex dimension. Note that, as a graded *W*-module, $\documentclass[12pt]{minimal}
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                \begin{document}$$(({\text {Sym}}\,\mathfrak {h})_+^W)$$\end{document}$ the ideal generated by the positive-degree *W*-invariant elements of $\documentclass[12pt]{minimal}
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By a theorem of \[[@CR6]\], which was conjectured in \[[@CR8], Conjecture 1.21.(b)\] to generalize to arbitrary symplectic resolutions, $\documentclass[12pt]{minimal}
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                \begin{document}$$H^*(T^*\mathcal {B}) \cong {\text {HP}}_{\dim \mathcal {N}-*}^{DR}(\mathcal {N})$$\end{document}$, where the latter is the Poisson-de Rham homology of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {N}$$\end{document}$, defined in \[[@CR5]\]. Briefly, the Poisson-de Rham homology of a Poisson variety *Y* is defined as the derived pushforward $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {D}$$\end{document}$-module *M*(*Y*) on *Y* to a point, where *M*(*Y*) is defined by the property $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {D}$$\end{document}$-module on *Y* (in the sense of Kashiwara), and $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma _{\mathcal {D}}(Y,N)$$\end{document}$ the global sections of *N*: see Remark [4.1](#FPar16){ref-type="sec"} or \[[@CR4], [@CR5]\] for details. In the case of the nilpotent cone, the Poisson-de Rham homology does not see the *W*-action, since *W* does not act on $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {HP}}_*^{DR}(\mathcal {N})$$\end{document}$ with a second grading, which is not seen in $\documentclass[12pt]{minimal}
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                \begin{document}$$H^*(T^*\mathcal {B})$$\end{document}$. It is interesting to compute this grading. Moreover, this difference makes it clear that the isomorphism of \[[@CR5]\] cannot be canonical, and it is interesting to correct this deficiency.

Lusztig suggested a simple formula for this bigrading (\[[@CR19], Conjecture 8.1\]):$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} h({\text {HP}}_*^{DR}(\mathcal {N});x,y)=\sum _{\chi \in {\text {Irrep}}(W)} K_{\mathfrak {g},\chi }(x^2) K_{\mathfrak {g},\chi }(y^{-2}). \end{aligned}$$\end{document}$$In this paper we prove this conjecture, in the following stronger form, as a simple application of a theorem of Hotta and Kashiwara. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$ denote the sign representation of *W*.

Theorem 1.1 {#FPar1}
-----------

There is a canonical isomorphism of bigraded vector spaces$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\text {HP}}_*^{DR}(\mathcal {N}) \cong {\text {Hom}}_W({\text {Sym}}\,\mathfrak {h}/({\text {Sym}}\,\mathfrak {h})_+^W) \otimes \sigma , H^{2 \dim \mathcal {B}-*}(T^*\mathcal {B})). \end{aligned}$$\end{document}$$

Here the weight grading on the LHS corresponds to the grading on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak {h}$$\end{document}$ in degree two), and the second grading is by the asterisk $\documentclass[12pt]{minimal}
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                \begin{document}$$*$$\end{document}$. This isomorphism accomplishes our goal of producing a canonical isomorphism.

Remark 1.2 {#FPar2}
----------
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                \begin{document}$$T^*\mathcal {B} \simeq \mathcal {B}$$\end{document}$ together with Poincaré duality for $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {B}$$\end{document}$, we can rewrite the theorem more simply as $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {HP}}_*^{DR}(\mathcal {N}) \cong {\text {Hom}}_W({\text {Sym}}\,\mathfrak {h}/(({\text {Sym}}\,\mathfrak {h})_+^W), H^{*}(\mathcal {B}))$$\end{document}$, but the way it is written is more natural; for example, the aforementioned general conjecture states $\documentclass[12pt]{minimal}
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We go further and produce canonical *filtrations* on the cohomology of the flag variety whose Hilbert series is given in ([1.1](#Equ1){ref-type=""}):

Theorem 1.3 {#FPar3}
-----------
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                \begin{document}$${\text {HP}}_*^{DR}(\mathcal {N})$$\end{document}$. This is *W*-equivariant: $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {F}_{w(\lambda )} = w(\mathcal {F}_\lambda )$$\end{document}$.

The filtration is compatible with the cohomological grading; hence, the associated graded vector space is bigraded. As a result we obtain canonical filtrations on irreducible representations of Weyl groups.

Corollary 1.4 {#FPar4}
-------------
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                \begin{document}$$K_{\mathfrak {g},\chi }(y^{-2})$$\end{document}$.

This recovers in particular the noncanonical isomorphism predicted in \[[@CR19], Conjecture 8.1\].

Example 1.5 {#FPar5}
-----------
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                \begin{document}$$\chi = \mathfrak {h}^* \cong \mathbf {C}^{n-1}$$\end{document}$ be the (dual) reflection representation. Consider $\documentclass[12pt]{minimal}
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                \begin{document}$$(a_1, \ldots , a_n) \in \mathbf {C}^n$$\end{document}$. Then the resulting filtration on $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi $$\end{document}$, which we call the Vandermonde filtration, is given as follows: for every $\documentclass[12pt]{minimal}
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As we observe, the construction of Corollary [1.4](#FPar4){ref-type="sec"} actually generalizes from Weyl groups to arbitrary complex reflection groups. We will study the resulting filtrations in detail in future work.

We deduce many consequences and extensions of the above results to Slodowy slices, *W*-algebras, and Springer fibers. In more detail, let $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi \in \mathcal {N}$$\end{document}$ be any point. Then one can consider the Slodowy slice $\documentclass[12pt]{minimal}
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The above results allow us to deduce the grading on the zeroth Poisson homology,$$\documentclass[12pt]{minimal}
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                \begin{document}$$S_\phi \cap \mathcal {N}$$\end{document}$, which are (centrally reduced) quantum W-algebras. Geometrically, these naturally assign to the top cohomology of each Springer fiber $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak {h}_{{\text {reg}}}^*$$\end{document}$-family of filtrations whose Hilbert series we compute.
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We also give formulas for the higher Poisson-de Rham homology of Slodowy slices and for the zeroth Hochschild homology of their quantizations by finite *W*-algebras.

Remark 1.6 {#FPar6}
----------

Note that ([1.1](#Equ1){ref-type=""}) implies that the weight grading on $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {HP}}^{DR}_*(\mathcal {N})$$\end{document}$ is nonpositive. This is somewhat unusual; for example, whenever the zeroth Poisson homology of a conical Poisson variety is at least two-dimensional it will have (some) positive weights, as will happen for many Slodowy slices in the nilpotent cone, cf. Corollary [2.5](#FPar11){ref-type="sec"}. Note that, for varieties admitting a symplectic resolution for which \[[@CR8], Conjecture 1.3.(b)\] holds, this condition that the zeroth Poisson homology has dimension at least two is equivalent to the statement that the fiber over the vertex in the symplectic resolution has multiple Lagrangian components. (In particular, it is not irreducible.)

The proofs, given in Sect. [4](#Sec6){ref-type="sec"}, involve a study of the Harish-Chandra $\documentclass[12pt]{minimal}
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We begin the body of the paper in Sect. [2](#Sec2){ref-type="sec"} with a detailed statement of our results on the grading associated with the cohomology of Springer fibers as well as to the Poisson and Hochschild homology of W-algebras. The application to Proudfoot's conjecture on symplectic duality is then given in Sect. [3](#Sec5){ref-type="sec"}. In the remaining sections, we prove our results using $\documentclass[12pt]{minimal}
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Springer fibers and *W*-algebras {#Sec2}
================================
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There is a beautiful construction of a transverse slice, called the Kostant--Slodowy slice, which we denote $\documentclass[12pt]{minimal}
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For now, we describe the grading in top degree, $\documentclass[12pt]{minimal}
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Corollary 2.1 {#FPar7}
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Corollary 2.2 {#FPar8}
-------------
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Hochschild cohomology of quantum W-algebras {#Sec3}
-------------------------------------------

Parallel to the previous corollaries, we can consider the quantum analogue of $\documentclass[12pt]{minimal}
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### Corollary 2.3 {#FPar9}
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### Remark 2.4 {#FPar10}
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Higher cohomology of the Springer fiber {#Sec4}
---------------------------------------

The next result describes the bigrading on the (full) cohomology of the Springer fiber, which is analogous to the associated graded vector space of $\documentclass[12pt]{minimal}
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### Corollary 2.6 {#FPar12}
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Proudfoot's conjecture on symplectic duality {#Sec5}
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Corollary 3.1 {#FPar13}
-------------
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Proof {#FPar14}
-----
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Remark 3.2 {#FPar15}
----------

By Corollary [2.2](#FPar8){ref-type="sec"}, we can also write a formula similar to the one above which holds for arbitrary type: as graded $\documentclass[12pt]{minimal}
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============================================================================================
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Hotta and Kashiwara's theorem {#Sec8}
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### Theorem 4.2 {#FPar17}

(Hotta and Kashiwara) There is a canonical isomorphism of weakly equivariant $\documentclass[12pt]{minimal}
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### Lemma 4.3 {#FPar18}
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Proof of Corollary [1.4](#FPar4){ref-type="sec"} {#Sec11}
------------------------------------------------
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### Theorem 4.4 {#FPar20}
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### Proof {#FPar21}
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Proof of Lusztig's formula {#Sec13}
--------------------------
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Proofs of results on *W*-algebras and Slodowy slices {#Sec14}
====================================================

Proof of Corollaries [2.1](#FPar7){ref-type="sec"} and [2.2](#FPar8){ref-type="sec"} {#Sec15}
------------------------------------------------------------------------------------

The first assertion of Corollary [2.1](#FPar7){ref-type="sec"} follows by \[[@CR19], Remark 8.7\]. (In more detail, it is a consequence of Theorem [4.4](#FPar20){ref-type="sec"} and \[[@CR19], Theorem 5.1\].) The assertion for $\documentclass[12pt]{minimal}
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Proof of Corollary [2.5](#FPar11){ref-type="sec"} {#Sec16}
-------------------------------------------------
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### Proposition 5.1 {#FPar22}
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### Proof {#FPar23}
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Precisely, the summand of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K_{S_\phi \cap \mathcal {O}_\chi }$$\end{document}$ which is weakly equivariant with respect to the character $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m-\dim (S_\phi \cap \mathcal {O}_\chi )$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {C}^\times $$\end{document}$ is the local system attaching to each *x* the weight *m* subspace of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {HP}}_0(\mathcal {O}(S_x))$$\end{document}$.

Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_x$$\end{document}$ is isomorphic to the same slice to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {O}_{\chi }$$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {N}$$\end{document}$ at *x*, so this is compatible with our previous notation. Passing back to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {N}$$\end{document}$, we know again that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M(\mathcal {N})$$\end{document}$ is a direct sum of intermediate extensions of local systems $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_{\mathcal {O}_\psi }$$\end{document}$ on its leaves $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {O}_\psi $$\end{document}$. Again applying \[[@CR19], Theorem 5.1\], $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K_{\mathcal {O}_\psi }(-\dim \mathcal {O}_{\psi })$$\end{document}$ is again the canonical weakly equivariant local system attaching $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {HP}}_0(\mathcal {O}(S_x))$$\end{document}$ to each point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in \mathcal {O}_{\psi }$$\end{document}$.
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Hamiltonian reduction and a mirabolic generalization {#Sec17}
====================================================

An alternative Proof of Theorem [4.4](#FPar20){ref-type="sec"} {#Sec18}
--------------------------------------------------------------
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The mirabolic case {#Sec19}
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### Theorem 6.2 {#FPar26}
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The basic idea behind the proof of this theorem is essentially the same as the one outlined in Sect. [6.1](#Sec18){ref-type="sec"}. Again, there is a functor of Hamiltonian reduction, $\documentclass[12pt]{minimal}
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As shown in \[[@CR2]\], the case where *c* is not generic is much more interesting. (In particular, there the category of mirabolic sheaves need not be semisimple, and we expect $\documentclass[12pt]{minimal}
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In \[[@CR15]\] both statements are proved without explicitly using the proof of \[[@CR12]\] of the first statement.
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